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Abstract 
The theory of storm surges along a straight coast in case of 
a continuously stratified sea is considered. 
The stratification is shown to have no appreciable effect on 
the storm surge·, which therefore is mainly a barotropic response. 
The internal response which depends strongly on stratification, is 
found to be extremely sensitive to how the tangential stress depends 
on depth. Moreover, there is argued that the baroclinic response is 
substantially influenced by bottom friction, whereas the barotropic 
response is not. A solution based on this assumption is presented. 
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1. Introduction 
Storm surges along a straight coast are generated when 
longshore winds with the coast to the right (Northern Hemisphere) 
forces water towards the coast (Ekman, 1905). For a review see 
Welander (1961), Heaps (1965) and Bretschneider (1967). In many 
respects the theory of storm surges parallels that of upwelling, 
which is the corresponding internal response (Smith, 1968). 
However, while the internal response is strongly influenced 
by stratification (c.f. Charney, 1955), the present paper shows 
that the stratification has only a minor effact on the storm surge. 
Thus the storm surge in stratified seas may to a good approximation 
be derived from the concomitant problem with a homogeneous body of 
water. (See e.g. Gjevik and R¢ed, 1976, hereafter referred to as GR). 
Furthermore, if the storm surge in case of stratification, is derived 
from the concomitant homogeneous problem, it will correspond to a 
certain distribution of the tangential stress, which, in turn, deter-
mines the internal response. This might be important for upwelling 
problems since the internal response is rather sensitive to changes 
in the vertical distribution of the stress. 
The ocean model applied is one with a constant depth and with 
continuous stratification. The motion is given by normal modes re-
presentation (Gill and Clarke, 1974). For negligible bottom friction, 
this representation is purely formal as far as the internal response 
is concerned, whereas for the surface response the series may be 
truncated after a few modes. For the baroclinic modes, therefore, 
a modified set of equations which includes bottom friction, are 
suggested and solved. 
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2. Formulation 
Consider a continuously, stratified incompressible fluid. The 
motion will be described relatively to a Cartesian coordinate system 
with z-pointing upwards and with origin in the surface of the initi-
ally undisturbed fluid. The fluid is bounded by the bottom, z= H(x,y), 
and the surface, z = ns (x,y, t), where ns is initially zero. More-
over, the fluid is bounded by a straight coast along the x-axis, y 
pointing seawards. The stratification is horizontally uniform such 
that in the equilibrium state the density, Q(z), and the pressure, 
P(z), are functions of depth only. Thus the hydrostatic balance 
reads 
~~ = - g"Q ( z ) • 
The surface is exposed to pressure and wind stress fields which are 
distributed over a horizontal domain with linear dimensions large com-
pared to the depth. This entails that the hydrostatic approximation 
is justified. The disturbances are assumed to be sufficiently small 
for the motion to be described by linear theory. Thus the governing 
equations may be written 
(2.1) 
.... .... 
!Y+ ........ 1 1 aT 
at fk.xv = - ~ Vp + Qs az 
.... VoV (2.2) + a (an) Eat = 0 
~ 
= - ag az (2.3) 
!£.+ an dQ 0 at at dz = (2.4 
where use has been made of the kinematic condition 
(2.5) W = ln. at • 
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f = 2nsin (latitude) is the Corioles parameter, g the gravi-
tational acceleration, + + + v = ui + vj and w the horizontal and 
· vertical part of the velocity, respectively, p the perturbation 
pressure and o the perturbation density. Q is the surface s 
value of the equilibrium density, and the Boussinesq approximation 
has been made use of. + The vector, ~, is the tangential stress 
+ 
acting between horizontal planes whose value at the surface, ~s' 
is the prescribed wind stress. 
Eqs. (2.1) - (2.4) will be solved by the method of division 
into normal modes (Lighthill, 1969), and the presentation follows 
closely that of Gill and Clarke (loc.cit.) who, employed the 
technique in a coastal upwelling problem. The aim of the method 
is to separate off the horizontal and vertical variations in order 
to obtain equations in two dimensions only. To this end the 






v(x,y,z,t) = r 
n=O 








where Ps is the surface pressure. The eigenfunctions, nn(z), may 
be shown to be solutions of the eigenvalue problem 
"' (2.9) n" + 
n 
N2 (z) A 




-H < z < 0 
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(2.10) ... _g_ ... n ' nn = 0 n c2 n 
. 
' 
z = 0 
... (2.11) nn = 0 . 
' 
z = -H • 
Pn and nn are found to be proportional, the factor of propor-
tionality being the eigenvalue, en' squared, 
(2.12) P = c 2 n n n n • 
N2 (z) is the VaisAla-Brunt frequency defined by 
(2.13) 
The eigenfunctions, which are orthogonal, may conveniently be 
normalized as follows 
(2.14) 
0 
Jr~~(z)]2dz = H • 
-H 
The equations for the modes may now be shown to take the form (c.f. 
Gill and Clarke) 
(2.15) 
3~ + .... 
___!! + c2vn + + fkxv = 
- Tn 
' at n n n 
(2.16) + ann 0 V•v + at = n 




nn (o) 1 
Q H Vps + Q H 
S S 
0 .... J ;: ~~(z)dz , 
-H 
and represents the forcing. 
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In order to solve Eqs. (2.15) and (2.16) a knowledge of the 
+ 
variation of ,. with depth is required, or, if the stress is put 
proportional to the + gradient of the horizontal velocity, v, through 
an eddy viscosity coefficient, the variation with depth of this 
coefficient is required. 
Furthermore, for application purposes the eigenfunctions and 
eigenvalues and hence the stratification must be known. A discussion 
of the eigenfunctions and eigenvalues associated with the chosen 
stratification may be found in the appendix. Different approaches 
relevant to the problem at hand may besides Gill and Clarh:e be found 
in Csanady (1972) and Mark (1972). In accordance with these investi-
gations it is found _(c.f. the appendix) that the zeroth or barotropic 
mode corresponds approaximately to 
.. (2.18) 
' 
no = z + H • 
The equations describing the response of the concomitant homogeneous 
problem may be found in GR. A comp-arison between Eq. (1) of GR 
and the barotropic mode equations (Eqs. (2.15) and (2.16) with n= 0) 
demonstrates that the barotropic mode necessarily must approximate 
the response to the concomitant problem (c.f. Mork). 
The solution to Eqs. (2.15) and (2.16) are subject to the 
condition at the coast 
v = 0 n 
. 
' 
y = 0 
and the initial conditions 
n = o n and 
. 
' 
t = o . 
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3. Stratification and tangential stress models 
The area of application will be the western coast of Norway, 
where the hydrographic data have been regularely collected since 
the late twenties. Based on these observations the following stra-
tification model is chosen: A well mixed layer of thickness 10 m 
with uniform density overlies a pycnocline layer of thickness 40 m 
in which the density increases linearly with depth from the surface 
value, Qs = 1.0252 g/cm3, to the value QB = 1.0275 g/cm3 , which 
is constant throughout the deep bottom layer. (Fig. 3.1. 
-+ The variation of the tangential stress, T(z), with depth is 
more difficult to ascertain, mostly due to the turbulent charRcter 










"Typical" stratification along the western coast of 
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y = 0 
20 
Fig. 3.2 The stress models applied 
Three models will be considered. 
1) A stress which decreases linearly from its surface value to 
zero at the bottom of the well mixed layer. 
2) A stress which falls off linearly from its surface value to 
zero at the bottom of the pycnocline layer. 
3) A stress which is constant and equal the surface value through-
out the well mixed layer and subsequently decays linearly to 
zero at the bottom of the pycnocline layer. (Fig. 3.2). 
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The first model is one suggested by Gill and Clarke and 
applied by Csanady in his model of the Great Lakes. The second 
roughly corresponds to th~applied in two layer models such as 
those of Charney and Veronis and Stommel (1956), whereas the third 
may be derived from the commonplace representation of the stress, 
viz. 
+ 
(3.1) ..... av f(Z) : ll az ' 
where the eddy viscosity coefficient, p, might be put inversely 
proportional to the density gradient, viz. 
(3.2) 
Such a stress model has been used by Fjeldstad (1964) in a theore-
tical study of the frictional damping of free internal waves and 
later by Mork. If the mean velocity in the well mixed layer is 
uniform as suggested by Pollard and Millard (1970), the stress 
according to Eqs. (3.1) and (3.2) has to be constant throughout 
this layer. Within the pycnocline the representation (3.1) predicts 
the stress to be some function of depth and to be constant again in 
the deep layer, which due to the small level of turbulence may be 
put equal to zero, except, perhaps near the bottom. (Bottom friction). 
Among the papers referred to in this section only Mork has 
included bottom friction in the form 
(3.3) = + xQ v B ( >.. = canst.) z=-H 
Invoking the representations(3.1) and (3.2), this leads to modes 
equations similar to Eqs. (2.15) and (2.16) 
Eq. (2.15) is substituted by a/at + :>.· ~ • 
en 






proportional to -1 n for large n , he argues that at least 
the higher modes will be suppressed by friction. 
4. Application to the passage of a single storm 
In order to compare the stratified problem with the con-
comitant homogeneous one given by GR, the forcing is chosen as 
a moving storm, with no surface pressure fluctuations, viz. 
(4.1) 
The tangential stress, 
(4.2) 
where 
( 4. 3) ·t(o) = Ts • 
. 
' 
p = const • 
s 
... T(z), may be represented by 
is the propagation speed of the storm, and -l K measures the 
horizontal extent of the storm, i.e. small values of K corresponds 
to wind fields of large extent. Invoking Eq. (2.17), the forcing 




With this definitions Eqs. (2.15) and (2.16) correspond to Eq. (1) 
of GR subject to similar boundary and initial conditions and they 
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may therefore be solved by the same procedure. Thus if the hori-
, 
zontal extent of the wind field, represented by -2 K ' is greater 
than or equal to the barotropic radius of deformation, ?, the 
solution to Eqs. (2.15) and (2.16) in terms of the displacement of 
each mode, nn' at the coast may to a good approximation be 
*) 
written [c.f. GR Eq. (17)] 
(4.6) * Tn _ r;r c [ ] nn = ~ v~ n erfVK(x-u t) - erfVK(x-cnt) ; y=O 
c2 K c -u o 
n n o 
The three stress models of section 3 may conveniently be 
condensed in the expression 
1 + z . 
-hl 0 y h 
' 
< z < 
1 
Z+h 
(4.7) T(Z) (1-y) 2 . -h < -h = Ts < z h2-hl ' 2 1 
la . -H < z < -h • 
' - 2 
Model (1), (2) and (3) then corresponds toy = 1, y = h 1 1h2 and 
y = o, respectively. Substituting the expression ror T(z), Eq.(4.9), 





*) If '{Kc If < 1 
0 
then according to appendix '{Kc If<< 1 for n > 1. n . 
- 12 -
Thus from Eq. (2.7) the following expression for the displacement 
at the coast is obtained 
(4.10) 
In table 1 are listed values of en and s (y) for the three n . 
stress models pertaining to the first six modes 
Mode c sn ( y) n n 
(m/s) y = 1 y = 0. 2 y = 0 
Barotropic 0 50.0435 0.9965 0.9945 0.9975 
1st baroclinic 1 0.6850 8.4223 30.5128 4.2784 
2nd baroclinic 2 0.2380 5.5210 -13.6181 -3.3333 
3rd baroclinic 3 0.1385 2.9825 0.8774 0.1177 
4th baroclinic 4· 0.0964 1 • 7112 -0.8754 -0.8895 
5th baroclinic 5 0.0735 1.0743 0.2257 0.0126 
Table 1 (H = 250 m, h 1 = 10 m, h 2 = 50 m) Eigenvalues, 
en, and amplitudes sn(y). Note the peak for sn(y) 
in the first baroclinic. 
The solution (4.10) is purely formal unless the series can be 
truncated after a moderate number of terms. From the appendix there 
follows that for n > 5, c s (y)/~ -u ) dies off as n-3, whereas 
n n n o 
,. ,. 
nn(z)/n(o) increases as n2 unless z is close to zero. This fact 
together with the values listed in table 1 ensures that a very good 
approximation to the storm surge,n =n(z=O) 1s obtained if the series 
8 
is truncated after 6-7 terms, whereas for the internal displacements 
the solution (4.10) is a formal solution. Note, however, that for 
y ~ 0 the solutions might be applicable, c.f. Gill and Clarke 
(Loc.cit.). 
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Fig. 4.1 demonstrates both the concomitant homogeneous surge 
[Eq. (4.12) with en = vgH o , s (y) = o and z=O] and the surges 
no n no 
in case of stratification for the three different stress models, 
respectively, calculated from the first 7 modes. As anticipated 
the zeroth or barotropic mode are in all three cases indistinguish-
able from the concomitant homogeneous surge. The baroclinic modes 
for which the first is the most dominant (c.f. table 1) provide a 
slight amplification of the maximum surge (within 5-10%). However, 
there is no time lag between the maxima. Moreover, for ft > 5 
a nonvanishing surge is left in the stratified cases, which contrasts 
the concomitant homogeneous surge which rapidly tends to zero. 
A main shortcoming of the present model so far is the neglect 
. ~ 
of bottom friction. In spite of this the effect of stratification 
on the storm surge is small. Obviously the inclusion of bottom 
friction will tend to reduce the surge. Especially as will be argued, 
this is true for the baroclinic modes. Thus the conclusion is 
that stratification effects on storm surges do not seem to be 
appreciable and for prediction purposes, therefore, homogeneous 
models will do. This conclusion is supported by the remarkable good 
agreement between observed surges and surges estimated from homo-
geneous models both analytically (GR; Heaps, 1965) and numerically 
(Heaps, 1969 and 1971). 
Suppose, in case of stratification, that the storm surge should 
be given from the concomitant homogeneous problem. Thus the 
quantity that now may be determined is the stress amplitude 
T(z), or rather, since its surface value is fixed, 
its variation w~th depth. However, no attempt will be made 
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11*= 1 ts./ft V9H' 
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assumption may be used to decide which of the three stress models 
are the most appropriate. Fig. 4.1 reveals that the best fit to the 
concomitant homogeneous surge is made with y = 0 i.e. the stress 
model based on an eddy viscosity coeffislent inversely proportional 
to the density gradient. 
5. The effect of bottom friction 
The form of the modes equations (2.15) and (2.16) suggests 
that the displacement due to each mode separately corresponds to 
the surge derivable from a model with a homogeneous body of water 
in a basin of depth 
(5.1) 
(c.f. Csanady, Lighthill). 
approximates the real depth 
Thus for the barotropic mode this depth 
(H ~H), whereas, for instance, for 
0 
the first baroclinic mode this depth is 5 em only (c.f. table 1). 
For the higher baroclinics the depths are even smaller. Gammelsr¢d 
et.al. (1975) have suggested a procedure whereby the time scales for 
the influenc.e of the bottom friction in homgeneous models may be 
ascertained. They suggest that the time scales are proportional to 
the depth of the basin, viz. 
frictional time scales ~ ;~H 
where D is some frictional depth (for instance the Ekman depth). 
For the barotropic mode this entails ft ~ 10-15 depending on the 
ratio H0 /D. For ocean basins of depth less than D the procedure 
is less conclusive, but the author believes that for depth pertinent 
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to the baroclinic modes bottom friction is important already after 
a short elapse of time, ft < 1 say. Thus in relatively deep 
coastal areas scaled on D the effect of bottom friction on the 
barotropic mode is negligible except, perhaps, for storms of unusual 
long duration, whereas for the baroclinic modes bottom friction has 
to be included immediately. This conclusion is supported by the 
remarkable large internal displacements found by Csanady, which also 
invalidate the linear theory assumption already after a short elapse 
of time. 
According to Mork the modes equations Eqs. (2.15) and (2.16) 
including bottom friction read 
(5.2) 
(5.3) 
a + + + (- + R ) v + fk x vn at n n 
where Rn is given by 
(5.4) Rn = >. ~ c 2 
n 
+ 
c 2 vn + T 
n n n 
Assuming friction to be negligible for the barotropic mode it follows 
from Eq. (5.2) that the term R ~ 
0 0 
should be small compared to 
+ 
av 0 /at. Thus the barotropic mode equation is unchanged. However, 
anticipating friction to be important for the baroclinic modes, one 
might infer that 







n > 1 
which change the equation governing the baroclinic modes to 




The pertinent time scales for storm surge problems are a couple 
of hours and a scaling of a/at by f is appropriate. Thus 
Eq. (5.5) may be interpreted as 
(5.8) . 
' 
n > 1 
Now, for instance, for the first baroclinic mode 
(5.9) 
Thus for the inequality (5.8) to hold for all n > 1 
(5.10) -4 )./f >> 1.8769•10 
Furthermore, since R << f from the barotropic mode 
0 
confined by 
(5.11) -4 A 1.8769•10 << f << 1 • 
Thus an appropriate value of 1./f is 10- 2 • 
)./f is 
From Eqs. (5.6) and (5.7) the following equation for displace-
ment of each baroclinic mode may be derived : 
(5.12) . 
' 
n > 1 • 
Application of the boundary condition at the coast, Eq. (2.19), 
yields the condition 
(5.13) ann ann + + c 2 ( f - - R -) = f i • 'f n ax n ay ·n . ' y = o . 
The baroclinic modes do have variations normal to the coast greatly 
in excess of the variations along the coast (Charney, Gill and Clarke 
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and others). Hence in the vicinity of the coast Eqs. (5.12) and 





2 n Rn .... -ay2 -= V•T at n 
2R ann ........ c ay = - f i•T . y = 0 n n n , , (5.15) 
which is a diffusion equation for the slope normal to the coast. 
The solution to Eq. (5.14) is well known and the contribution from 
the baroclinic modes, with bottom friction included,to the displacement 
at the coast, invoking the stress distribution of section 4, may be 
written 
(5.16) 
T;:; oo 0 2 
= ~ ~ v~ g(x,t) L gnH s (y)f (z) gn K n= 1 n n 
where 
(5.17) g(x,t) 
-K(x-u t +·u t2)2 
e o o d~ 
Since from Eqs. (A.8) and (A.l6) the product cn2sn(y) dies off 
-4 as n as n increases for n ~ 5 there follows that the 
series in Eq. (5.16) may be truncated already after a few terms, 
6-7 say. 
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6. Summary and final remarks. 
The storm surge in a stratified coastal sea due to the 
passage of a single storm has been studied. The main conclusions 
arrived at are : 
1) The inclusion of the baroclinic modes has only a minor effect 
on the storm surge. 
2) Bottom friction seems to have no appreciable effect on the 
storm surge in relatively deep seas within the lifetime of the surge 
due to reasonable storm durations. 
3) The internal response, however, is strongly influenced both 
by stratification and by bottom friction. Moreover, the internal 
response is sensitive to the tangential stress dependency on depth. 
For prediction purposes, therefore, the storm surge is obtained 
with sufficient accuracy from homogeneous models. Furthermore, if the 
coastal sea is relatively deep, i.e. the depth scaled on the Ekman 
depth is a large number, bottom friction may be neglected too, except 
possibly for storms of unusually long duration, i.e. storms which 
have not subsided after approximately one to two days. 
However, normally homogeneous models have the shortcoming that 
they give no information about the vertical structure of the motion. 
(The vertical structure may be retained in homogeneous models by a 
method described in Heaps, 1971). To this end stratification must be 
included and the question arises how the tangential stress are 
distributed. In fact, solutions of the upwelling problems hinge upon 
such a knowledge. The storm surge might be a helpful guide in 
assessing the stress distribution, because it is nearly unaffected by 
the stratification and might therefore be taken as known, leaving 
the stress distribution as the primary unknown. 
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Appendix 
On account of the density model chosen in section 3 the Vaisala 
-Brunt frequency,Eq. (2.13),is zero in the well mixed layer and in 
the deep bottom layer, and constant throughout the pycnocline • 
.. 
In order to find the eigenfunction, nn(z), and eigenvalues, en, one 
has to solve Eq. (2.9) subject to the conditions (2.10) and (2.11). 
At the levels z = -h 1 and z = -h 2 describing the bottom of the 
well mixed layer and the pycnocline layer, respectively, the 
Vaisala-Brunt frequency is discontinuous, which necessitates condi-
" tions to be imposed on nn at these levels. According to Eqs. (2.6) 
and (2.7) the requirement of continuous velocity and displacements 
" entails continuity qf n' n and as well. 




(cos an+ Bnsin an)(1+z;) 
Here Fi is the internal Froude number 
(A. 3) NH F .. = VgH (o2-ol) 
.L 
and 





Invoking the continuity 
. 






The a 's which are solutions of the transcendental equation 
n ' 
(A.5) = h( a) , 
are related to the eigenvalues, en, through the relation 
(A.6) 
Finally Bn is defined by the expression 
(A.7) B = ~-_r(Fi)2- 151]• 
n ~an 
The roots or Eq. (A.5) may be vizualized with the help of 
Fig. A.1. Here the right hand side of Eq. (A.5), h(a), is drawn 
together with tg a. For increasing values of n it is seen that 
an rapidly approaches (n-1)n. Hence a very good approximation 
for en for moderate values of n, n ~ 5, say, is 
(A.8) c Cit 
n 
Furthermore, the zeroth mode is close to zero which entails 
(A.9) tg a Clll a 
0 0 
Thus from Eq. (A.5) one obtains 
(A.lO) 










Invoking Eq. (A.6) it follows that 
(A.ll) c e1 VgH 
0 
in accordance with previous investigations. The amplitudes of the 
eigenfunctions, anl' are determined from the normalization condition 
Eq. (2.14) which leads to the expression 
(A.l2) 
Moreover, the expression (4.11) for sn(y) may now be written 
(A.l3) •n(y) = -t~ 1 ) 2 {y + !::r[sn(1-cos an) + sin an]} • 






The author is indebted to Dr. V. Lauvstad for helpful 
suggestions during the course of this work. The author has 
also benefitted from discussions with Drs. N.S.Heaps, M.Mork 
and B.Gjevik. 
The pertinent data from the Norwegian continental shelf 
has been made available through the Norwegian Oceanographic 
Datacenter (NOD). 
References 
Bretschneider, C. ( 1967) "Storm surges 11 , 
Advan.Hydrosci. ~' 341-418 
Charney, J.G. (1955) "The generation of ocean currents by wind" 
J.Mar.Res. 14, 477-498 
Csanady, G.T. (1972) "Response of large stratified lakes· to 
wind", J.Phys. Oceanogr. 2, 3-13 
Ekman, V.W. (1905) "On the influence of earth's rotation on 
ocean currents", Ark.Mat.Ast.Fys. £, 11 
Fjeldstad, J.E. (1964) "Internal waves of tidal origin" 
Geof.Publ. 25, 5 
Gammelsr¢d, T., M. Mark and L.P.R¢ed (1975) "Upwelling possibilities 
at an ice edge, Homogeneous model". 
Mar.Sci.Cornm. l, 115-145 
Gill, A.E. and A.J. Clarke (1974) "Wind induced upwelling, coastal 
currents and sea level changes", Deep Sea Res. 21 
325-345 
- 23 -
Gjevik, B. and L.P.RSlled (1976) "Storm surges along the western 
coast of Norway", Tellus 28, 2, 166-182 
Heaps, N.S. (1965) "Storm surges on a continental shelf", 
Phil.Trans.Roy.Soc.A. 257, 351~383 
-"- (1969) "A two-dimensional numerical sea model", 
Phil.Trans.Roy.Soc.A. 265, 93-137 
-"- (1971) "On the numerical solution of the three-
dimensional hydrodynamical equations for tides 
and storm surges", Mem.Soc.Roy.Sci. §., 143-180 
Lighthill; M.J. (1969) "Dynamic response of the Indian Ocean to 
to onset of the Southwest Monsoon", Phil.Trans. 
Roy!Soc.A 265,45-92 
Mork, M. (1972) "On oceanic responses to atmospheric forces", 
Conceil et Proces-Verbaux. 162, 184-190 
Pollard, R.T. and R.C. Millard, Jr. (1970) "Comparison between 
observed and simulated wind-generated inertial 
oscillations", Deep-sea Res., 17, 813-821 
Smith, R.L. (1968) "Upwelling", Oceanogr.Mar.Biol.Am.Rev. §., ll-46. 
Veronis, G. and H. Stommel (1956) "The action of variable wind 
stresses on a str.atified ocean",J.Mar.Res.l5, 43-75 
Welander, P. (1961) "Numerical prediction of storm surges", 
Advan.Geophys. 8, 316-379 
